In this paper, we prove Jensen's inequality for diamond integrals on time scales and generalize this inequality for 2n-convex functions via Lidstone's polynomials. Bounds for Čhebyšhev functional, Grüss-type inequality and Ostrowaski-type inequality related to Jensen's type functional are also given in the paper. Moreover, our results are valid if we replace diamond integrals with delta integrals, nabla integrals or -diamond integrals on time scales as well (being special cases).
Introduction and preliminary results
In 1988, Hilger introduced the theory of time scales as uniformed extensions and combinations of continuous and discrete calculus (Aulbach & Hilger, 1990; Hilger, 1990) . Since then, the time scales theory advanced fast, the delta calculus and the nabla calculus were the first approaches of the calculus on time scales; for detailed discussion on the theory of time scales, we refer the reader to the comprehensive books (Bohner & Peterson, 2001 , 2003 . There are many generalizations and extensions of inequalities on time scales, see for example Srivastava, Tseng, Tseng and Lo (2010) and Srivastava, Tseng, Tseng and Lo (2011) , where Srivastava et al. have established some generalized weighted Opial-type inequalities and Maroni's inequalities (one generalized form of Opial-type inequalities) on time scales, respectively.
The following Jensen's inequality for delta integrals is given in Anwar, Bibi, Bohner and Pečarić (2011, Theorem 4.2) .
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Jensen's inequality generalizes the statement that the secant line of a convex function lies above the graph of the function. In its simplest form, the inequality states that the convex transformation of a mean is less than or equal to the mean applied after convex transformation. A Lidstone series is a generalization of Taylor's series. It discusses the analytic character of functions whose even derivatives are positive on an interval. The diamond integrals are approximately symmetric integrals on time scales. In present paper, we prove Jensen's inequality for diamond integrals and generalize it for 2n-convex functions via Lidstone polynomials.
is convex, where I ⊂ ℝ is an interval and f ∈ C rd ([a, b] , I), then In Özkan, Sarikaya and Yildirim (2008) proved that this result is also true if we use the nabla integrals (see Bohner & Peterson, 2001 , Section 8.4) instead of delta integrals. To offer more balanced approximations with respect to computations, diamond-dynamic derivative (as a linear combination of the delta and nabla dynamic derivatives) and diamond-dynamic integral (as a linear combination of the delta and nabla dynamic integrals) were introduced by Sheng, Fadag, Henderson and Davis (2006) .
The following result concerning with diamond-integral is given by Ammi, Ferreira and Torres in Ammi, Ferreira and Torres (2009) (see also Özkan et al., 2008) .
Since the classical symmetric derivative is a generalization of the classical derivative and that the classical symmetric difference quotient is generally a more accurate approximation for the derivative than the usual one-sided quotient, an important question was to define a symmetric derivative on time scales, as a generalization of the diamond-derivative (Sheng et al., 2006) . In Brito da Cruz, Martins and Torres (2013) define symmetric derivative on time scales and derive some of its properties. They show that real-valued functions defined on time scales that are neither delta nor nabla differentiable can be symmetric differentiable. On the other hand, the problem of determining a symmetric integral has been a topic of great interest. However, it is generally accepted that the symmetric integrals proposed only approximately the corresponding derivative (Thomson, 1994) . Despite this apparent limitation, these integrals have nice properties. For example, they are useful to solve the coefficient problem for trigonometric series when the conventional integral fails to exist (Thomson, 1994) . In Brito da Cruz, Martins and Torres (2015) define the diamond integral as an "approximate" symmetric integral on time scales, which is also a generalization of diamond-integral given in Sheng et al. (2006) . Now in the following paper, firstly, we prove Jensen's inequality for diamond integrals, then we generalize it for 2n-convex functions using Lidstone series. Finally, we discuss bounds for Čhebyšhev functional, Grüss-type inequality and Ostrowaski-type inequality related to generalized Jensen's functional.
Essentials of time scales
A nonempty closed subset of real line is called a time scale ⊂ ℝ. Assume that a time scale has the topology inherited from standard topology of real line. On nondensity points, we define forward, respectively, backward jump operators , : → as The point t is said to be right-scattered if (t) > t, respectively, left-scattered if (t) < t. Clearly, t is right-dense if (t) = t, respectively, left dense if (t) = t.
We introduce the sets k , k , which are derived from the time scale as follow: if has a left-
If has a right-scattered minimum t 2 ,
to be the number, if it exists and for all > 0 there exists a neighbourhood U of t such that for all s ∈ U
(t) = inf{s ∈ : s > t} and (t) = sup{s ∈ : s < t}.
We say that f is delta differentiable on
we define f ∇ (t) to be the number value, if it exists and for all > 0 there is a neighbourhood V of t such that for all s ∈ V We say that f is nabla differentiable on k provided f ∇ (t) exists for all t ∈ k .
A function f : → ℝ is called rd-continuous provided it is continuous at all right-dense points in and its left-sided limits exist at all left-dense points in . A function f : → ℝ is called ld-continuous provided it is continuous at all left-dense points in and its right-sided limits exist at all right-dense points in .
holds for all t ∈ k . Then, the nabla integral of g is defined by
Now, we briefly introduce the diamond-dynamic derivative and the diamond-dynamic integration and we refer the reader to Sheng et al. (2006) for a comprehensive development of the calculus on the diamond-dynamic derivatives and the diamond-dynamic integrals. Let be a time scale and f(t) be differentiable on in the Δ and ∇ senses. For t ∈ , we define the diamond-dynamic
Thus, f is diamond-differentiable if and only if f is Δ and ∇ differentiable. The diamond-derivative reduces to the standard Δ derivative for = 1, or the standard ∇ derivative for = 0. On the other hand, it represents a "weighted dynamic derivative" for ∈ (0, 1). Furthermore, the combined dynamic derivative offers a centralized derivative formula on any uniformly discrete time scale when
Let a, t ∈ , and h: → ℝ. Then, the diamond-integral from a to t of h is defined by
We may notice that since the ✸ integral is a combined form of Δ and ∇ integrals, we in general do not have
Further, a refined form of diamond-derivative is symmetric derivative on time scales, given in Brito da Cruz et al. (2013) , defined as follows:
The symmetric derivative of f :
, is the real number (provided it exists) with the property that, for any e > 0, there exists a neighbourhood U ⊂ of t such that holds for all s ∈ U for which 2t − s ∈ U. A function f is said to be symmetric differentiable provided
Note that a symmetric derivative is different from the delta and nabla derivatives. A simple example of a function that is neither delta nor nabla differentiable, in the sense of time scales, but that is symmetric differentiable, is the absolute value function (Brito da Cruz et al., 2013) .
In the particular case if a function is simultaneously delta and nabla differentiable, then f is symmetric differentiable and, for each t ∈ A refined form of diamond-integral is diamond integral, given in Brito da Cruz et al. (2015) , and defined as follows:
provided f is delta integrable and (1 − )f is nabla integrable on [a, b] . Remark 2.2 The fundamental theorem of calculus is also not valid for the ✸-integral. Hence, the diamond integral is not a genuine symmetric integral on time scales. The diamond integral coincides with the diamond-integrals when the function (⋅) is constant and equal to , for instance, when = ℝ or = hℤ, h > 0, the ✸-integral is equal to the ✸ 1 2 -integral.
For further properties of diamond integrals, see Brito da Cruz et al. (2015) .
Jensen's inequality for diamond integrals
Proof Since Φ is convex, it follows from a result given in Wong, Yeh and Lian (2006) that for each t ∈ I, there exists c t ∈ ℝ such that Φ(s) − Φ(t) ≥ c t (s − t) for all s ∈ I. Now let us take This gives us (using properties of the diamond integrals) where m ∈ ℕ.
Corollary 3.5 For = ℕ 2
, (5) takes the form:
where n ∈ ℕ.
Corollary 3.6 For = q ℕ 0 , q > 1, (5) takes the form:
Keeping in mind inequality (4), we define linear functional for functions defined on time scales as follows: [a, b] 
f (t). Then, we define the following linear functional as follows
Remark 3.7 From Theorem 3.1, we observe that J(Φ) ≥ 0 for the class of convex functions and J(Φ) = 0 for Φ(x) = x or Φ is a constant function.
Remark 3.8
In the same fashion, we can define linear functionals for inequalities (1) and (2). Consequently, all the results proved here for diamond integrals on time scales are valid for delta integrals, nabla integrals as well as for diamond-integrals on time scales (being special cases).
Generalization of Jensen's type functional
In Widder (1942) , Widder proved the fundamental lemma:
where Λ k is a polynomial of degree 2k + 1 defined by the relations and is homogeneous Green's function of the differential operator Corollary 4.6 Using = ℝ in Theorem 4.2, (11) becomes integral version of (2.3) in Pečarič, and Vukelič (in press, Theorem 1) with the following values: in (18) is the best possible.
Bounds for identities related to generalization of Jensen's type functional

Denote
We have the Čhebyšhev functionals defined as:
Ω(g, h) 
